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Research on the Muskingum-based Differential Form River Network Discharge Routing
Method*
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Abstract: River network discharge routing is a key component of watershed hydrological modeling. The Muskingum method is
one of the most widely used tools for this process. Traditional applications of the Muskingum method often rely on discrete
difference equations. These equations introduce numerical errors and prevent consistent temporal-scale coupling with
hydrological models built on differential formulations. To address this issue, this study develops a differential-form Muskingum
method for river discharge routing. This method integrates the governing ordinary differential equations (ODEs) of all river
segments through matrix operations. A connectivity matrix is defined to quantify upstream inflows for each channel. Based on
this, the Muskingum-based Ordinary Differential Equation River-network Discharge Routing method (ODE-MR) is proposed.
The ODE-MR is then coupled with the differential-form Xinanjiang hydrological model to build a fully differential hydrological
modeling framework. Comparative experiments using analytical solutions as benchmarks show that the root mean square error
of the ODE-MR is on the order of 10 m%/s. This value greatly reduces the numerical inaccuracies inherent in the traditional
difference-based Muskingum method. Additional experiments on coupling strategies with differential hydrological models
indicate that the outputs of the hybrid differential-difference coupling approach gradually approach those of the fully differential
coupling method as the time step decreases. This finding demonstrates the higher simulation accuracy of the fully differential
coupling method. Applications in the Tunxi River Basin further verify the model performance. At the daily scale, the fully
differential coupling model based on ODE-MR increases the multi-year average Nash-Sutcliffe efficiency coefficient by 0.04.
This improvement confirms that effective numerical error control can enhance hydrological simulation accuracy. This study
provides a reliable reference for hydrological simulation and interdisciplinary model integration within a unified differential
equation framework.

Keywords: Muskingum method; Differential form; River network discharge routing; Matrix assembly;
Connectivity matrix; Xinanjiang model
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Fig.1 The diagram of river network topology (a) and channel conceptualization (b)
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Erms MAtIL S IZR RGN 1, HEWREEE I DR K405, TR AWy -22 0 B (S 242 —Firks
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Tab.3 Daily-scale XAJ parameters of differential-difference and fully differential models in Tunxi watershed

hﬁiﬁ *ﬁi’ﬂ Ke VVum VV]m de b c Aimp Sm
S SL 70 DD 1.44 11.29 89.41 25.66 0.15 0.17 0.01 19.92
Bk T FD 118 9.08 89.86 31.85 010 016 0.01 10.00
S e DD 1.18 20.39 78.28 37.98 0.11 0.02 0.20 22.87
DT 73 FD 1.14 29.25 89.10 56.75 0.40 0.20 0.01 24.56
itk A ex K; Ky G Gy n Ky
S <L g DD 1.29 0.54 0.16 0.59 0.994 4 4.06
KT FD 1.23 0.55 0.15 0.50 0980 1 0.71
N DD 1.36 0.50 0.20 0.52 0.981 1 0.10
DT T FD 100 055 0.15 054 0980 1 0.14
* 4 HERIBIRA RO -2 5 A AR BT Muskingum HRE 4L
Tab.4 Daily-scale Muskingum model parameters of DD model and FD model in Tunxi watershed
IR -2E iR EX DGyt
I8
k X k X
R1 229 0.36 10.1 0.49
R2 13.0 0.35 10.9 0.50
R3 11.6 0.18 1.0 0.49
R4 15 0.02 1.0 0.43
R5 6.8 0.39 13.8 0.50
R6 20.6 0.27 1.0 0.50
R7 2.0 0.04 1.0 0.01
R8 35 0.05 112 0.50
R9 5.7 0.49 8.8 0.50
£ 5 WEWMS-Z5 (DD) M4y (FD) AERILE iRl F sk H RS BT 45 R %
Tab.5 Daily-scale accuracy evaluation results of DD model and FD model in Tunxi/ Yuetan station
- L N Exg Exs Epy/% Epy/%
st Frét il DD FD DD FD DD FD DD FD
2008 0.91 0.95 0.90 0.96 -4.58 -3.27 -54.36 -46.28
2009 0.86 0.87 0.88 0.90 12.74 17.31 -29.05 -28.54
2010 0.92 0.95 0.91 0.92 -10.95 -9.29 -41.27 -41.99
2011 0.88 0.93 0.87 0.95 -8.58 -5.06 -61.15 -58.04
B¢ 2012 0.94 0.97 0.90 0.94 0.48 3.39 -36.07 -30.78
40y 2013 0.91 0.94 0.88 0.92 -7.15 -4.54 -19.24 -28.72
2014 0.92 0.92 0.89 0.93 -12.80 -8.11 -42.90 -45.02
2015 0.88 0.93 0.89 0.92 -17.54 -12.83 -40.98 -37.82
2016 0.89 0.95 0.87 0.93 -14.87 -9.90 -32.09 -34.40
2017 0.89 0.92 0.89 0.95 -2.35 -2.89 -55.64 -53.96
LioAng 2018 0.82 0.84 0.91 0.93 -9.87 -10.47 -49.37 -56.38
2019 0.86 0.88 0.88 0.94 -10.41 -7.79 49.76 4.94
2008 0.93 0.92 0.93 0.97 9.05 8.92 -57.61 -32.41
2009 0.77 0.86 0.83 0.95 5.92 -0.38 -60.38 -44.17
2010 0.91 0.96 0.89 0.96 -2.05 -1.46 -35.18 -13.42
2011 0.90 0.94 0.83 0.93 -5.14 -6.42 -78.28 -55.17
HIE 2012 0.90 0.95 0.81 0.94 11.90 3.95 -56.55 -36.52
A 2013 0.93 0.97 0.87 0.95 243 1.61 0.06 46.47
[ 2014 0.90 0.90 0.88 0.95 -5.73 -6.38 -31.41 -12.04
2015 0.90 0.97 0.86 0.95 -2.37 -0.36 -38.93 -20.19
2016 0.95 0.98 0.90 0.96 -1.84 -0.57 -49.78 -32.63
2017 0.93 0.95 0.87 0.95 3.43 -1.20 -52.17 -32.35
Loana 2018 0.80 0.79 0.83 0.89 -4.41 -10.24 -57.03 -51.66
2019 0.90 0.90 0.85 0.90 -1.46 -6.00 41.64 53.03

M s ATLEH, ERE, NERREHERGIEY, M08 1 By 7E £20%70 B N, HEmy
ASHEIIMEN 7.90% CREMN 8.19%, WAEHN 7.05%), /NFREM-ZHETIN 9.36% (CREHN
9.97%, IUFHAN 7.55%); TEFTH M A R W Epyy EXHMEIIER 38.91%, /NTIRA -2 A
1) 42.66%. (EARULIFREVTE 10, 4l 158 0 2 5 HAFN ISR B Ens 31 737000 0.93 #10.94, ¥JLLIR-EGTH
Iy-ZE AR 0.04; AT R () FR 5 WIARTIR IE W B Y9 2 09 0.93 F1 0.88, HHXT T-IR A 1Hor-25 /0 1
BIETHT 0.03 A1 0.02.
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Fig.7 Simulation results in validation period (2017) at Tunxi and Yuetan stations
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Tab.6 Accuracy evaluation statistics of DD and FD models for flood event simulations in Tunxi/ Yuetan station

0, 0,
% A DD s FD DD s FD DDlEFVRl//OFD DDlEFPRl//OFD DDlEFPLl/hFD
I HE 0.82 0.85 0.81 0.82 5.03 5.04 9.77 7.73 2.62 2.38
Lsang 0.83 0.86 0.82 0.83 12.37 9.71 10.19 8.08 3.25 350
A RE 0.85 0.86 0.84 0.85 7.57 7.31 6.59 6.49 2.38 2.31
Lioana 0.83 0.85 0.82 0.83 6.15 2.20 4.82 2.96 3.50 2.75
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Fig.8 Flood events simulation results in Tunxi and Yuetan stations
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